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A Relaxation Solution of Transonic Nozzle Flows
Including Rotational Flow Effects
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A computational procedure is described for rotational transonic flows. The effects of rotationality were in-
troduced by a rotation function, and the resulting "potential-like" equation was solved by type-dependent
relaxation. The method has been used to predict the flowfield in propulsion-type nozzles using both arbitrarily
specified and experimentally measured entrance conditions. In these runs, good agreement with analysis and
available experimental results was obtained, and a significant influence due to the rotationality of the flow was
observed.

Introduction

NONUNIFORMITIES in total pressure and total tem-
perature at the exhaust nozzle entrance produced by

nonuniform combustion, heat transfer, flow separation, and
mixing of core and fan flows produce significant effects on
nozzle performance. Wehofer and Matz1 tested several
typical turbofan exhaust nozzle configurations with
nonuniform entrance conditions, and their tests showed that
total pressure gradients could cause the discharge coefficient
to vary up to 2% and the thrust coefficient to vary up to 3%
from the values obtained with uniform entrance flow. Tests
conducted with both total pressure and total temperature
nonuniformities indicated that total temperature gradients
could cause an additional 1 % change in discharge coefficient
and a 3% change in thrust coefficient. It is clear, therefore,
that such entrance flow nonuniformities must be taken into
account to predict exhaust nozzle performance accurately.

Several methods for solving transonic flow problems have
been developed. Brown and Hamilton2 present a review of
many of these methods. However, only a few of these
methods permit rotational flow. Since rotation can be related
to nonuniform stagnation properties by Crocco's theorem,3

ignoring rotational effects is equivalent to ignoring the
nonuniform inlet flow effects mentioned in the preceding
paragraph.

Ferri and Dash included the effects of nonuniformities in
entrance stagnation conditions in their indirect method.4

Their calculations, which used a coarse grid, show a 1 to 2%
variation in thrust caused by flow nonuniformities. Indirect
methods, however, have the disadvantage that repeated
calculations are necessary to obtain the solution
corresponding to the desired nozzle geometry, and in certain
cases the convergence of this process is not assured.

Wehofer and Moger5'6 have developed a time-dependent
method for the solution of rotational transonic nozzle flow
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problems. Their calculations show effects due to
nonuniformities in stagnation conditions of approximately
5% in discharge coefficient and approximately 4% in thrust
coefficient. However, most time-dependent methods suffer
the disadvantage of long computational time. Brown and
Hamilton2 indicate that time-dependent methods can require
as much as an order of magnitude more computational time
than, for example, relaxation methods.

Emmons7 used relaxation methods in 1944 to solve
transonic flow problems by hand calculation. However,
because of stability problems, relaxation methods were un-
successful in computerized calculations until Murman and
Cole8 in 1970 introduced type-dependent finite differencing,
that is, a differencing scheme that takes into account the local
type of the governing equations. Since then many other in-
vestigators have used relaxation methods; however, ap-
plications of the relaxation method have been primarily to
external flows such as transonic airfoil problems. Moreover,
many relaxation solutions employ the small-disturbance
equations of transonic flow rather than the full potential
equations. Clearly the small-perturbation assumption is
inappropriate for propulsion nozzle problems wherein the
Mach number may range from 0.4 at the entrance to 1.4 in the
exhaust jet. This paper describes a modification of existing
full-potential external-flow relaxation methods for the
problem of determining exhaust nozzle performance and a
novel extension of relaxation methods to include rotational
flow effects.

Governing Equations
In the absence of viscosity, heat conduction, and body

forces, steady compressible fluid flow can be described by
Euler's equation,

and the continuity equation,

(1)

(2)

where V is the velocity vector, P the static pressure, and p the
density. It is well known that, for the axially symmetric,
steady, isentropic flow of an ideal gas, these equations can be
simplified by the use of the potential function </>' (x,r), where
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<f)' is defined by

dx

where u is the x component of velocity, and v is the r com-
ponent of velocity. The resulting equation of motion is

where subscripts indicate partial differentiation, and the sonic
speed c, is given in terms of the stagnation speed of sound c0
by

C2=c0
2-[(y-l)/2](<t>x

2+<t>;2)

where 7 is the ratio of specific heats.
These equations, which are valid only for irrotational flow,

can be extended to rotational flow (excluding the effects of
viscosity, shocks, and thermal conductivity) by introducing
the rotation function F(x,r) and defining a velocity function
</> such that

<f>x+F=u (3)

*,*t> (4)

where u and v have been nondimensionalized with respect to
the local stagnation speed of sound, and x and r have been
nondimensionalized with respect to the radius of the outer
wall at the throat. The velocity components u and v are
represented in terms of the derivatives of the velocity function
(analogous to the potential function introduced previously) in
order to combine Eqs. (1) and (2) into a single partial dif-
ferential equation of second order, thereby simplifying the
numerical calculations and the treatment of the boundary
conditions. Although the authors are unaware of any direct
reference to the type of governing equations which in-
troduction of this representation of the velocity components
produces, this procedure is roughly similar to the classical
decomposition of a vector field into irrotational and
solenoidal components.

As is shown in the Appendix, Eqs. (1) and (2) can be
reduced to the nondimensional equation

[c2 - (<t>x + F) 2 ] (<j>xx +FX) + [c2 - (0 r) 2 ] (</>„.)

- (</>x+F) (</> r) (2<t>xr+Fr) + (c2/r) (<t>r) =0 (5)

where

By differentiating Eq. (3) with respect to r and Eq. (4) with
respect to ;c, the function F can be related to the local rotation

r = w, where

du
dr dx

As is shown in the Appendix, Crocco's theorem3 can be used
to find a relationship between the rotation function and the
radial variation of total pressure P0 which is given by

(6)

assumption of negligible viscosity, body forces, and heat
conduction, the total pressure is constant along streamlines.
Thus the local value of the total pressure can be determined by
simply tracking streamlines and using the fact that the total
pressure along each streamline is known from the total
pressure distribution supplied at the entrance.

Equations (5) and (6) are independent of the total tem-
perature because nondimensionalization caused terms in-
volving total temperature to cancel. Thus local Mach numbers
and flow angles are independent of total temperature
gradients. This result is confirmed by Ferri and Dash4 and
Taulbee and Boraas.9 However, this does not imply that
performance coefficients are independent of the total tem-
perature profile. Once a solution of the governing equation is
obtained, the total temperature profile must be considered in
the determination of the average total temperature used in the
definition of the discharge coefficient. Note that Eqs. (5) and
(6) are not in conservative form, and thus the value of the
discharge coefficient can be expected to vary slightly with
axial position.

Coordinate Transformation
There are three reasons for using the transformation from

the physical plane to the computational plane shown in Fig. 1 .
First, the transformation results in a rectangular com-
putational grid. This avoids the complication of irregular
finite-difference molecules at the nozzle wall. Second, a
computational plane of equally spaced mesh points provides
greater accuracy that can be obtained by using unequal mesh
spacing. 10 Third, the coordinate transformation enhances
computational stability in the supersonic region. This is
because one axis of the computational plane is approximately
aligned with the flow direction. Thus the backward finite
difference, which is discussed in the next section, also is
approximately aligned with the flow. Thus stability is
achieved without the use of a rotated difference scheme in the
supersonic region such as used by South and Jameson. H

The coordinate transformation used was

The derivatives of the velocity function and the rotation
function can be transformed from the physical coordinates to
the computational coordinates by application of the chain
rule. This gives rise to the following governing differential
equation in the transformed coordinates:

where

A=(c2-(<j>x+F)2]£x

D=(<t>x+F)<t>rFr-(c2/r)<i>r

and where

(7)

(8a)

(8b)

(8c)

"(8d)

where M0 is the velocity divided by the stagnation speed of
sound.

A knowledge of the total pressure at each point in the
flowfield is needed in Eq. (6). For steady flow under the

1 dtf,
R0-R, dx

r-Rj
(R0-Ri)

/dRo
\dx dx
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PHYSICAL PLANE

for subsonic flow. A similar equation is obtained for
supersonic flow:

(10)

COMPUTATIONAL PLANE
Fig. 1 Transformation of coordinates.

7 d2/?, 2 d/?f- /d/?0 d/?, \
-#/ d*2 + (R0-Rj)2 ~dx \~dx ~ ~dx /

(R0-Rj)2 V dx2 dx2

i 2————' ( __ _ _-
(R0-Ri)3 V dx dx

_ / /d/?o _ d*/ \
rv (R0-Ri)2 \ dx dx /

Relaxation Procedure
The transformed governing equations were solved

numerically using finite-difference expressions to ap-
proximate the derivatives. To assure that- the domain of
dependence of the resulting algebraic equations matched that
of the original partial differential equations, both centered
and backward finite differences were used. In accordance
with standard type-dependent relaxation methods, all
derivatives in the subsonic region were evaluated by centered
finite-difference (second-order accurate) expressions. Radial
derivatives in the supersonic region also were evaluated by
centered differences. However, the axial derivatives (0^ and
0^,) were evaluated by backward finite differences, with the
first derivative expressions being second-order accurate and
the second derivative expressions being only first-order ac-
curate. (The second-order accuracy of the first derivatives
represents a departure from conventional transonic relaxation
techniques.) Upon introducing these finite-difference forms,
Eq. (7) becomes

Values of A, B, C, and D are given as functions of </> by Eq.
(8). Considering just the /th column, Eqs. (9) and (10) can be
written in matrix form as

where A, is a tridiagonal coefficient matrix containing the
terms A, B, and C; ^, is the column vector of unknown <£'s:

*/.!

<t>ij

and /is a column vector containing A, B, and £>, values of 0
upstream and downstream of the /th column, and the image
values 0/jrnax + / and 0/,0- Tnus b°tn /I and /are functions of

Since the coefficient matrix A is tridiagonal, the solution

«/=/!/-7 (11)

can be obtained by the Thomas algorithm. The latest available
values of 0 are used to calculate A and /. Then Eq. (11) is
solved for 0,. Next, the relationship

where X is the column under-relaxation factor and / is the
iteration number, is applied to these results, and the un-
derrelaxed values are used to replace the 0 values in the /th
column. Then the values of 0 at image points of the /th
column are calculated by the method described in the
following section.

This successive relaxation procedure is applied once to each
column, starting at the entrance and proceeding to the exit.
After the last column has been reached, the relationship

+ B——

where A is the nozzle relaxation factor, is used to update all
values of 0.

Two relaxation formulas are required to provide stability
and fast convergence. The relaxation factors possess values
above which the calculations become unstable. "Safe" values
of the relaxation factors were found to vary with nozzle
geometry. A value of X of 0.8 produced stable calculations for
all geometries tested. For this value of X, the value of A used
was 1.0 in the subsonic region and 0.9 in the supersonic
region.

After updating all values of 0, F values are re-evaluated.
This is done by application of the relationship

+ C^ '*J "*" ' O———— =!>' (9)
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which is repeated here from Eq. (6). Since Fat the centerline
or centerbody is known from the boundary conditions, F at
any point in the flowfield can be determined by integrating
Eq. (6) using, for example, the trapezoidal rule:

The updated values of </> and F are used to recalculate the
total pressure at each computational point. This procedure
involves calculating the mass flow between the point at which
the total pressure is to be determined and the centerbody or
centerline. Then this mass flow is compared with the entrance
mass flow to determine which streamline passes through that
point. The value of the total pressure at that point then is
equal to the total pressure which that streamline possesses at
the nozzle entrance (the entrance values of total pressure being
supplied as input to the calculations).

Based upon the new values of </> and F, values of </> at all
image points are recalculated using the same procedure as
previously described, and the relaxation procedure is repeated
until the maximum change in Mach number for 100
iterations is less than some specified value, usually 0.001.

Boundary Conditions
Proper boundary conditions must be applied to assure the

existence of a unique solution of the governing equations. For
the problem of transonic nozzle flow, conditions at the wall,
entrance, and centerline (or centerbody) are required. Since
only solutions with supersonic exit flow are desired, no exit
boundary condition is required.

At the nozzle entrance, a constant area section with walls
parallel to the axis was added. At the beginning of this
constant area section, the velocity function was set equal to a
constant. This is equivalent to specifying zero radial velocity.
Also, at this location the total pressure (either assumed or
obtained from experiment) was specified as a function of
radius.

For the application of boundary conditions at the walls,
image points were established one mesh space past the walls.
The image points are denoted <t>ii0 (centerline, or centerbody
wall) and </>/jmax + y (outer wall). The values of </> at these image
points are specified such that the tangency condition

v
u

dR
~dx

is met. In terms of the computational coordinates this
becomes

Rearrangement yields

dx dx dr
dR

~dx~

dR
~dx~

d\l/ \
~dx )

Application of centered finite differences permits solving for
the values of the velocity function at the image points:

d(f>

——

Use of image points to satisfy the boundary conditions
permits all points in the flowfield to satisfy the governing
equations.

Equation (5) requires special treatment at the centerline
because it contains the indeterminate term, (c2/r )</>,.. Ap-
plication of 1'HopitaPs rule yields

c2

lim ~(t)r = c2^rrr-o r

Thus, Eq. (5) reduces to

[c2-(<i>x+F)2](<t>xx+Fx)+2c2<f>rr = 0

at the centerline.
A boundary condition must be specified for F on some

curve not tangent to the radial direction. Mathematical theory
provides little guidance in the proper selection of the boun-
dary condition on F. Thus two procedures were investigated.
In one, the value of F on the centerline/centerbody of the
nozzle was set equal to zero. In the other, the value of Fon the
centerline/centerbody was set equal to the axial component of
the local velocity. Although it can be argued that the second
boundary condition does not, in fact, represent an in-
dependent specification of F, it was found to produce superior
results from the standpoint of the attainment of mass con-
servation. Further discussion of this matter appears in the
following section.

Results
The procedure described in the preceding sections was

coded in Fortran IV and, when run on an IBM 370/158
computer, requires a region size of approximately 170K. The
coding was given the acronym RETIRE (RElaxation of
Transonic Flows Including Rotational Effects). In order to
reduce computational time, a mesh-halving procedure similar
to that devised by South and Jameson11 was used. Parabolic
interpolation was used to determine values of <t>, F, and P0 at
the intermediate points. The mesh-halving procedure can be
repeated as often as desired until the array space is exceeded.
Typically a solution starts with a 13x6 mesh, proceeds to a
25x11 mesh, and ends with a 49x21 mesh. Additional
programming features include subroutines to compute lines of
constant Mach number (by means of linear interpolation) and
compute the discharge coefficient (based on mass-flow
weighted average values of total temperature and total
pressure).

The results of three runs will be described. In all cases, the
flow is choked. The nozzle geometries shown in Fig. 2 consist
of 1) a hyperbolic convergent-divergent nozzle, 2) a conical
convergent-divergent nozzle tested by Wehofer and Moger,6

and 3) a typical turbofan bypass nozzle. Incidentally, no
special attempt was made to resolve the discontinuities in wall
slope shown in this figure. In fact, the transformation
derivatives were computed by finite-difference expressions
which, in effect, ignored these discontinuities and replaced the
actual wall shape by a series of second-order polynomials.

In order to compare the results of the present program with
a well-documented analytical solution, the results for uniform
(irrotational) flow in a hyperbolic convergent-divergent
nozzle are shown in Fig. 3, along with the calculations of
Oswatitsch and Rothstein.12 The solid lines represent lines of
constant Mach number obtained with the present program.
Agreement between the two results is good. The figure also
shows the computed results for two different mesh sizes, a
25x11 mesh and a 49x21 mesh. The similarity of results
indicates the lack of dependence of the solution on mesh size.

Since the finite-difference form of the governing equations
that the program solves are not in conservative form, the
solution of the equations does not obey conservation of mass
exactly. The calculated mass flow at one axial location might
be slightly different from the calculated mass flow at another
axial location. However, as the mesh size is reduced, the
variation in the calculated mass flow decreases. It is seen in
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-0.8 0 2.0 4.0 4.8

HYBERBOLIC NOZZLE

4.73 6.00
JPL NOZZLE

110 255.8

TURBOFAN DUCT ( NOT TO SCALE )
Fig. 2 Nozzle geometries (dimensions in inches).

O 25x11 MESH
O 49x21 MESH

22 2.4 26 28 3.0 3.2 3.4 3.6 38

AXIAL DISTANCE FROM INLET ( IN.)

Fig. 3 Hyperbolic nozzle (uniform entrance flow).

Fig. 4 that, as the mesh spacing is reduced, the mass flow
(actually the discharge coefficient) approaches a constant
value. The discharge coefficient is defined by the equation

_
D=

where the asterisk represents sonic values, and Rlh and rth are
wall and centerbody radii at the geometric throat. At the
throat (x = 2.8), the computed value of discharge coefficient
does not vary with mesh size. Therefore, the discharge
coefficient calculated at the throat can be considered to be a
reliable prediction of the discharge coefficient of the nozzle
regardless of mesh spacing. Also illustrated in Fig. 4 are the
effects on discharge coefficient of two different specifications
of F at the centerline. In one case, the centerline values of F
are zero at all axial positions. In the other case, the centerline
values of F are set equal to the axial velocities.' The latter
specification resulted in a significantly reduced variation of
the discharge coefficient. In accordance with these results, the
axial-velocity boundary condition on F was used in all sub-
sequent runs except where otherwise noted.

£ 095

— — 13x6 MESH (F«0 AT CENTERLINE) /
——— 25x11 MESH (F« OAT CENTERLINE) /
—— 25x11 MESH (F« AXIAL VELOCITY AT CENTER- /

LINE) /

2 3 4
AXIAL DISTANCE FROM INLET (IN.)

Fig. 4 Variation of
(hyperbolic nozzle).

discharge coefficient with axial location

INLET CONDITIONS
UNIFORM ---
NON-UNIFORM ———

DISCHARGE COEFFICIENT MESH
0.9998 (AT THROAT) 4 9 x 2 1
0.9685 (AT THROAT) . 49x 21

0.5

0.5 1.0 1.5

Po/pot

INLET TOTAL PRESSURE LINES OF CONSTANT MACH NUMBER
(X =-2.80)

Fig. 5 Hyperbolic nozzle (nonuniform entrance flow).

Figure 5 shows the effect of an arbitrary total pressure
gradient on isomach lines in the same hyperbolic nozzle. The
25% maximum variation in the total pressure caused a
significant shift in the lines of constant Mach number and a
1% decrease in discharge coefficient. In this case, the effects
of the total pressure gradient on the discharge coefficient were
greater by two orders of magnitude than the effect of two-
dimensionality, which caused an almost insignificant 0.02%
decrease in the mass flow rate from the one-dimensional value
of unity.

Wehofer and Moger5 have published the results of their
time-dependent calculations and their measurements of the
flow in a conical convergent-divergent nozzle. Figure 6 shows
that the results of the RETIRE program agree well with their
analytical and experimental results. The discharge coefficient
calculated by Wehofer and Moger included a boundary-layer
correction. Since RETIRE does not include a boundary-layer
correction, a discharge coefficient slightly higher than either
Wehofer and Moger's analytical value or their experimental
value is to be expected.

In all fairness, it must be admitted that the results shown in
Fig. 6 are not conclusive proof of the ability of the present
program to handle nonuniform entrance flows accurately.
This is because there is only a 6% variation in total pressure,
and therefore the results for nonuniform entrance flow differ
only slightly from the uniform entrance flow results. For
example, calculations reveal that the discharge coefficient for
uniform flow was 0.972 compared to 0.974 for nonuniform
inlet flow, and the maximum difference in wall static pressure
between the two results was only about 1%. Therefore, it was
decided to run a case in which significant entrance flow
nonuniformity was present.

The case selected was the flow in a turbofan exhaust nozzle
in which the entrance total pressure profile was available from
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CASE DISCHARGE COEFFICIENT MESH

WEHOFER 8 MOGER ——— 0.95 (WITH B.L. CORRECTION) UNKNOWN
PRESENT SOLUTION ——— 0.97 (AT THROAT) 27x21
EXPERIMENTAL • 0.96 —

1.0

0.4

0.2

0

1.0

0.8

&
£0.6

OP\_

"I 0.4
Q_

0.2

0
1.00.96 0.98 1.00 1.02 -2.0 -1.0 0

Po/PoaVg X
INLET TOTAL PRESSURE WALL STATIC PRESSURE VARIATION

(X = -2.47)
Fig. 6 Concial convergent-divergent nozzle.

RUN DESCRIPTION THROAT
-——— UNIFORM (AVERAGE)TOTAL PRESSURE 0.994
——— NON-UNIFORM TOTAL PRESSURE
.._._. SEE TEXT

MESH
2 5 x 1 1

0.984 25 x 11

25
1.5 2.0 230 240 250 260 270 280 290

TOTAL PRESSURE AXIAL STATION
AT INLET ( X = 172.4)

Fig. 7 Turbofan exhaust nozzle.

actual in-flight measurements. Two modifications of the
original data were required to render them suitable for use in
the present program: 1) because the original nozzle had an
insufficient divergent section to produce supersonic flow at
the exit (as required by the program), a divergent section was
added, as shown by the dashed lines in Fig. 7; and 2) since
wall values of the total pressure were not supplied, values
were extrapolated as indicated by the dashed lines in the left
portion of this figure.

Figure 7 shows that the total pressure gradient resulted in a
large shift in the lines of constant Mach number and a 1%
decrease in the discharge coefficient. This clearly demon-
strates that in this actual aircraft-application case the effects
of entrance flow nonuniformities cannot be neglected.

As a final demonstration of the effect on the solution of the
selection of the boundary condition on F, the nonuniform
inlet flow case described previously was rerun with the F=0
boundary condition. These results also are shown in Fig. 7.
Although a slightly different value of the discharge coefficient
(0.979) should be expected as a result of the poor mass
conservation experienced with the boundary condition, the
position of the lines of constant Mach number are virtually
unchanged from the previous results.

Finally, a word should be mentioned about the com-
putational speed of the program. Computational times varied
from 0.2 sec/point for the hyperbolic nozzle (49x21 mesh,
uniform entrance flow) to 1.1 sec/point for the turbofan
bypass nozzle (25 x 11 mesh, nonuniform entrance flow). This
represents from 300 to 1200 iterations.

Conclusions
The results of this research indicate the importance of

including the effects of entrance flow nonuniformities in

evaluating propulsion nozzle performance and the feasibility
and accuracy of extending conventional relaxation methods to
account for these effects in a computationally efficient
manner.

Appendix
In preparation for the development of the governing

equations, certain preliminary facts and relationships must be
established. The first of these is that for flow of a chemically
homogeneous substance in the absence of heat conduction,
body forces, viscosity, shocks, and shaft work, total pressure
and total temperature are constant along streamlines. This is
because entropy is constant along a streamline, and, under the
preceding assumptions, the first law of thermodynamics
requires that the total enthalphy must be constant along a
streamline. If both the entropy and total enthalphy are
constant along a streamline, the stagnation state of the fluid
cannot change along a streamline.

Secondly, it will be necessary to have an equation that
permits the rotation to be evaluated from measurable
properties. According to Crocco's theorem,3

;
w= v dn dn

(Al)

where the rotation o> is defined by

dv
~dx

A basic thermodynamic relationship involving entropy is

from which it follows that

^ _
dn dn p0 dn

(A2)

By the definition of the stagnation state, s0=s. Thus, com-
bining (Al) and (A2) gives

(A3)

From conservation of energy,

T/T0 = l-[(y-l)/2]M0
2

Introducing this into Eq. (A3) gives

dh0 dh0 1 dP0

Using the following perfect gas (ideal gas, constant specific
heats) relationships

<Mo 370
dn P dn

CP =
y-l

yields

dn
(A4)

Since measurements of stagnation conditions normally are
conducted in the x-r coordinate system, it is necessary to
convert this equation from the streamline coordinate system
to the x-r coordinate system. This is done by application of
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the chain rule and the previously discussed fact that total
pressure and total temperature are constant along streamlines.
Therefore,

a7^ = a7^^^a7^_a /^ = ^
35 dx ds dr ds

dT0 dT0 dx dT0 dr

(A5)

Now, since

then

du dv
co =

dn dx dn dr dn

Applying the coordinate transformation equations

dr v dx u
~ds ~ V ~ds ~ V

dr u dx u
~dn = V ~dn~~V

to Eqs. (A5) and (A6) yields

dTo v dTo dTo V dTo—— = — — —— —— = - —— (A7)
dx u dr dn u dr

Likewise, for total pressure,

dPo_Vd_Po
dn u dr

Thus Eq. (A4) becomes

Vlu ryRM'03T0 , ?-/ A 7 d P , l

It is convenient to nondimensionalize all variables in this
equation with respect to the stagnation speed of sound c0 and
the radius of the outer wall at the throat /?th . Accordingly, the
following relationships are employed:

u u ^ v v

x rx == —— r ̂  ——

From the definition of rotation,

du dv 1 rd(u\lyRT0) d ( v ^ J y R T 0 ) 1
dr dx /?th L dr dx J

Expanding and using Eq. (A7) yields

1 A /yR [ ^ ( du dv \ M0
2 dT0 1

w= V \2T0( —— -— r ) +—T- — T (A9)
2*th T0 L u\ dr dx J u dr J

Equating the right-hand sides of Eqs. (A8) and (A9) yields,
after simplification,

/ du dv \ M.02 dT0

* -°\ dr dx ' u dr

1 r 2dT0 2 ( y-1 2\ To 3P0T
u 1° dr l y \ 2 ° > P0 dr J

or

du dv ( y-l 2\ 1 dP0
dr dx ^ 2 "*Q ) uyP0 dr

U \' 2 m° ) ujP0 dr (™>

Having completed these preliminaries, it is possible to
derive the equation satisfied by the velocity function. In
cylindrical coordinates, the continuity equation for steady
flow is

1 d I d d— — (rpv) + — — (pw) + — (pu) =0
r dr r dO dx

For axisymmetric flow,

d
w~° ~d~e~°

which permits the simplified continuity equation

I d d
r dr dx

to be written. Expanding gives

dp dp / du dv v \
u—— +v—— + p( —— + —— + — )=0 (All)dx dr \ dx dr r J ^ '

Examining the first two terms of this equation, it can be noted
that

dp dp Dp
dx V dr ~ Dt

for steady flow. Since density can be expressed as a function
of pressure and entropy, the chain rule yields

Dp dp DP dp Ds
Dt dP s Dt ' ds P Dt (AU)

However, because entropy is constant along a streamline,
Ds/Dt is zero. Noting that the sonic speed is defined by the
equation

2 3P 1c2 = ——

Eq. (A 12) can be reduced to

°P ' D/> fA13)or c2 Dt (A13)

Euler's equation for isentropic flow along a streamline,

dV2

~ P 2

yields

DP p DV2

Dt 2 Dt
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Therefore, Eq. (A13) becomes

Dp
Dt

p DV2

^c2 Dt

Expressing this equation in terms of the velocity components
results in

Dp
Dt

P f du dv / du dv \1
= - — \u2 —— +v2 —- +uv( —— + —— )

c2 I dx dr \ dr dx /J

Substituting this into Eq. (Al 1) and rearranging gives

, ? du dv f du dv \ c2v(c2-u2) —- + (c2-v2)-— -uv(—- + —— ) +—— =0
dx dr \ dr dx ' r

Using the same procedure as in the previous section, this
equation can be nondimensionalized. This gives

dx dr
(A 14)

where

Examining the last term of Eq. (A14) reveals

dc0 dc0 Dc0
u—— + v—— = ——

dx dr Dt

for steady flow. The substantial derivative is the rate of
change of a property for a fluid particle as it moves along a
streamline. However, it was shown that all stagnation
properties are constant along streamlines. Therefore,

Dc0

DT
= 0

Equation (A14) reduces to

duA, ^(c2-u2)
dx

du

dv
——
dr

du dv \ c2v
^ + ̂ )+^=0 (A15)

Let 0 and F be functions such that

tt+F^u (A16)

<t>r = v (A17)

By differentiating Eq. (A16) by r and Eq. (A17) by x and
subtracting the results, it can be shown that FP = u. Sub-
stituting Eqs. (A 16) and (A17) into Eq. (A15) yields the
velocity function equation:

[c2 - (4>s + F) ] [c2 - (<f>f)2 ]

=0
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